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This work essentially deals with the time evolution of two ground-state excitons when these excitons have
the same center-of-mass momentum. Since all coupled states have a higher energy, scatterings toward same
energy states are formally impossible. As a result, previous works on the time evolution of two-exciton states
should not apply. This led us to carefully reconsider the requirement of “energy conservation in the large time
limit” through the Fermi golden rule, when dealing with composite excitons and to enlighten the key role of
coherence time in the time evolution of excitons which is experimentally observed.
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I. INTRODUCTION

Extensive studies over the past decades of semiconductor
excitations have led to the understanding of various sophis-
ticated effects linked to exciton interactions. However, a few
very fundamental questions still remain to be tackled prop-
erly. In this work, we address to one of them, the time evo-
lution of exciton states when the Fermi golden rule does not
a priori apply, as in the case of ground state excitons having
same center-of-mass momentum, a quite common physical
configuration.

The dynamical evolution of exciton states is an old topic.
Excitons being made of two fermionic particles, a major dif-
ficulty is the proper handling of carrier exchanges, as in-
duced by the Pauli exclusion principle. To overcome this
problem, it was long ago proposed to “bosonize” the exci-
tons, i.e., to replace these composite particles by elementary
bosons interacting through effective scatterings, in which a
certain amount of carrier exchange is included. The
bosonization procedure commonly used for excitons follows
Usui’s work.1 However, due to intrinsic inconsistency in the
procedure, Haug and co-workers2–4 end by constructing ef-
fective scatterings which produce a spurious non-Hermiticity
in the resulting exciton-exciton Hamiltonian.5

Bosonization of excitons can appear as very appealing at
first: its goal is to replace the electron-hole semiconductor
Hamiltonian by a Hamiltonian between excitonic particles,
which casts as HX+VXX. Interaction between excitons can
then be handled through standard many-body procedures,
these relying on the existence of a particle-particle interac-
tion potential.

It is however clear that the concept of interactions “be-
tween” excitons is quite tricky.6 Indeed, these interactions
cannot be properly defined due to the exciton composite na-
ture. Out of two indistinguishable electron-hole pairs
�e1 ,e2 ;h1 ,h2�, we can construct excitons either on
�e1 ,h1��e2 ,h2� or on �e1 ,h2��e2 ,h1�. As a direct consequence,
there is no clean way to decide, among the two sets of
electron-hole interactions �Ve1h1

+Ve2h2
� and �Ve1h2

+Ve2h1
�,

the one which corresponds to interactions between two exci-
tons.

In spite of this intrinsic difficulty and the fact that the
exciton Hamiltonian commonly used in the literature is not

Hermitian, this procedure has been very popular for quite a
long time, various groups finding justifications, both
theoretically7–11 and even experimentally.12–22 A few other
groups tried full fermionic treatments of the problem. Those
using semiconductor Bloch equations23 are numerically quite
demanding, mostly when elaborated truncated schemes are
included.24–26 Other mixed methods were also proposed,27–32

in particular, to address to nonlinear optical
susceptibilities.27,28,33,34

By contrast, we decided to try a totally different route
which led us to produce a general many-body formalism for
composite quantum particles,35 in which the exciton is
handled as an entity but, by contrast with bosonization, its
composite boson nature is treated in an exact way. The key
aspect of this theory is the existence of dimensionless “Pauli
scatterings,” which describe carrier exchanges between two
excitons in the absence of carrier interaction. For readers not
yet familiar with this formalism, we have in the Appendix
given a brief survey of its key results, necessary to follow the
present work.

This theory was shown to be quite successful in solving
long standing theoretical problems such as the analytical res-
olution of the semiconductor Bloch equations36 or the exact
cancellation of volume linear terms in nonlinear
susceptibility,34 leading to results similar to the ones obtained
by Sham and co-workers27,28 or by Chernyak and Mukamel33

through totally different approaches. However, the main ad-
vantage of this new theory relies on its diagrammatic repre-
sentation through the so-called Shiva diagrams—due to their
multiarm structure. These diagrams allow one to understand
and, better, to predict physical effects like the ones induced
by unabsorbed laser pulse: among them, we can cite spin
precession,37 Faraday rotation38 and oscillation,39 Bose-
Einstein condensation of dark excitons,40 and phase and
Hadamard gates for trapped electron spin.41

Using this composite-boson many-body theory, we al-
ready considered the time evolution of exciton states.42 This
led us to discuss the various scatterings43 which are, in a
natural way, generated by this new theory and we related
them to those appearing through the usual bosonization
procedure.2 This previous work on the exciton time evolution
is briefly discussed in the last section of the present work. It
uses a smart first line which allows us to generate energy
conservation for processes at lowest order in Coulomb inter-
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action, in a nicely direct way. However, this approach can
hardly be extended to higher order terms. This forced us to
work out a more general procedure to possibly generate these
higher order terms. Indeed, these are a priori needed because
all previous works on the time evolution of exciton
states,4,7,44 including ours,42,43 end by considering the time
evolution of two ground state excitons with same center-of-
mass momentum. Since there is no other two-exciton state
having same energy, transition toward same energy states, as
imposed by lowest order Coulomb processes, are formally
impossible. In spite of this difficulty, a ��Ei+Ej −2E0� factor
appears in the transition rate of all these works, without any
discussion.

This motivated us to reconsider the time evolution of two-
exciton states through a procedure, which allows us to derive
higher order contributions in Coulomb processes, this gen-
eral procedure being of some possible use in other physical
problems. The time evolution resulting from second-order
processes actually has a rather unusual behavior. This pushed
us to seriously reconsider the requirement of energy conser-
vation in time evolution of exciton states and the validity of
the Fermi golden rule in general for such a problem.

We already addressed in the past45 to the question of pos-
sibly using the Fermi golden rule in the case of exciton for-
mation through photon absorption. Textbooks tell us that the
Fermi golden rule46,47 applies to transitions toward a con-
tinuum. However, photons tuned on the ground state exciton
level give rise to excitons, which have a momentum equal to
the photon momentum so that the final exciton state in a
photon absorption is definitely discrete. Other textbooks also
tell us that exciton and photon form a mixed state called
polariton.48 In the polariton picture, which is said to be rel-
evant for “strong coupling,” these photons are not at all ab-
sorbed. Moreover, Rabi oscillations are known to exist in
two-level atoms coupled to photons, these two-level atoms
being often said to have analogies with excitons. We have
been able to relate within a unique framework49 these three
rather different phenomena, namely, photon absorption with
a transition rate given by the Fermi golden rule, photon-
exciton coupled into polariton, and the Rabi oscillations of a
two-level atom. We have shown that the Fermi golden rule is
indeed valid for photon absorption provided that the exciton
level has a broadening large enough compared to the
exciton-photon coupling, this broadening playing the role of
a continuum.

We wish to stress that, in the usual polariton picture, ex-
citons are taken as noninteracting elementary bosons. This
approximation is certainly incorrect for intense photon field.
Interactions between polaritons have been first introduced
through a bosonized procedure for the excitons,50 with its
usual problems. The clean treatment of polaritons while
keeping the exciton composite nature is more difficult. We
have recently succeeded to extend our composite-boson
many-body formalism to polaritons;51,52 however, more work
is still needed, in particular, to properly control polarization
effects44 in the polariton framework.

We here study under which conditions the Fermi golden
rule can be used to describe the time evolution of a two-
exciton state. This leads us to highlight the key role played
by a finite exciton coherence time in the time evolution

which is experimentally observed, this coherence time con-
trolling the effective quantization of the exciton center-of-
mass momentum. To the best of our knowledge, we have not
up to now seen such a discussion in the literature, although
this discussion is crucial for possibly using the Fermi golden
rule, as everybody does. Let us present the argument briefly:
on the one hand, the uncertainty principle prevents energy
conservation any better than 1 / t, where t is the experimental
time. This experimental time cannot be any larger than the
exciton coherence time �coh to possibly get meaningful data.
On the other hand, the coherence time is related to the co-
herence length which physically scales the quantization of
the exciton center-of-mass momentum so that the exciton
kinetic energy is ultimately scaled by 1 /�coh. This proves that
there always are many exciton states at 1 / t from the initial
state energy whatever this initial state since the condition t
smaller than the coherence time prevents to take the t→�
limit, in which a strict energy conservation would be re-
quired. Even if rather disappointing at first because nothing
special happens when there is no other exciton state having
exactly the energy of the two initial excitons, it nevertheless
appears to us as important to establish using strong micro-
scopical arguments, why what everyone commonly does is
indeed correct.

The paper is organized as follows. In Sec. II, we point out
a few difficulties encountered when tackling the time evolu-
tion of a two-exciton state, difficulties which have not been
discussed in our previous works.42,43 One of them is linked to
the fact that the energy of a two-exciton state is not a well-
defined quantity because there is no Hamiltonian for which
this state is an exact eigenstate so that energy conservation
cannot be a very precise concept. The other difficulty is that
there is no other two-exciton state having exactly the energy
of two ground state excitons when these excitons have same
center-of-mass momentum. Directly linked to these difficul-
ties is the problem of energy conservation at the 1 / t scale
and the proper way to take the large-time limit, and the large-
sample limit because exciton momenta form a quasicon-
tinuum at the L−1 scale where L a priori is the sample size.

Since a similar difficulty exists in the case of elementary
particles, Sec. III is devoted to the time evolution of two-
boson-exciton states. Its goal is to determine under which
circumstances this time evolution is indeed controlled by the
usual form of the Fermi golden rule, and what could be done
instead when there are no other state having the energy of the
initial state within a 1 / t scale. In this section, we also ques-
tion �i� the proper scale for the quantization of the exciton
center-of-mass momentum, and �ii� the physical limitation on
the time evolution of exciton states with respect to the exci-
ton coherence time, this time being fundamentally linked to
the quantization of the center-of-mass momentum.

In Sec. IV, we study somewhat in details the conse-
quences of the overcompleteness of the two-exciton state ba-
sis on the various possible scatterings between two compos-
ite excitons. In addition to the standard scatterings described
in details in our previous works,43 we pay particular attention
to scatterings associated to transitions toward the subspace
perpendicular to the initial state, because states belonging to
this subspace are the only ones which can be cleanly defined
as “different” from the initial state.
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In Sec. V, we show how to perform a Coulomb expansion
of the time evolution of a two-exciton state when the system
Hamiltonian does not split as HX+VXX. We explicitly calcu-
late the probability to reach another two-exciton state, as
well as the probability to stay in the initial state, at second
order in Coulomb interaction. Particular attention is paid to
initial state made of two ground-state excitons having same
center-of-mass momentum.

In Sec. VI, we discuss the link between the present work
and our previous works on the time evolution of exciton
states. In Sec. VII, we conclude.

II. INTRINSIC DIFFICULTIES WITH TIME EVOLUTION
OF EXCITON STATES

Let us consider an initial state

��ij� = Bi
†Bj

†�v� , �2.1�

made of two excitons in states i and j. The index i stands for
��i ,Qi� with Qi being the exciton center-of-mass momentum
and �i the relative motion index. �v� is the vacuum state and
Bi

† is the creation operator of exciton i. These two excitons
scatter with time as they are not eigenstates of the semi-
conductor Hamiltonian H due to Coulomb interaction
between excitons—although, as explained above, this inter-
action cannot be properly defined due to the exciton compos-
ite nature. This means that

��ij�t�� = e−iHt��ij� �2.2�

is not barely ��ij� within a phase factor but also contains
contributions on other two-exciton states ��mn�, provided that
Qm+Qn=Qi+Q j since both Coulomb interaction and carrier
exchange conserve momentum.

�i� A major problem immediately arises: due to the exci-
ton composite nature, two-exciton states form an overcom-
plete set for two electron-hole pairs. This is evidenced by the
closure relation in the two-electron-hole-pair subspace,35,53

which, for �v�BmBi
†�v�=�m,i, reads in terms of excitons as

I = � 1

2!
�2

�
i,j

��ij���ij� . �2.3�

The prefactor � 1
2! �

2 would be � 1
2! � only if excitons were taken

as elementary bosons.
Another signature of the overcompleteness of the two-

exciton basis is the identity35

Bi
†Bj

† = − �
m,n

�� n j

m i
�Bm

† Bn
†, �2.4�

which follows from exchanging the carriers of the two exci-
tons i and j. This overcompleteness leads to a scalar product
of two-exciton states given by �see Appendix�

��mn��ij� = �m,i�n,j − �� n j

m i
� + �m ↔ n�

= �m,i�n,j + �m,j�n,i − 2�mnij . �2.5�

It differs from zero for �m ,n�� �i , j�, provided that the Pauli

scattering for fermion exchanges �� n j
m i � differs from zero.

This is always so for Qm+Qn=Qi+Q j since exchanges con-
serve momentum.

The above equation shows that, when thinking of the time
evolution of a two-exciton state toward “another” two-
exciton state, we certainly have in mind something more
elaborate than just ���mn ��ij�t���2 because, when Qm+Qn
=Qi+Q j, this quantity differs from zero for t=0 already, i.e.,
before any time evolution. The clean elimination of the part
of ��mn� already included in the initial state ��ij� is in itself a
major problem. When considering time evolution toward
“another” state, we expect a quantity which cancels with t.
However, as shown in more details below, this cancellation is
not enough to univocally define the relevant quantity, in par-
ticular, for problems in which we must go beyond first order
in Coulomb interaction.

�ii� Even if we forget the difficulty linked to overcom-
pleteness, the time evolution of two excitons raises another
problem. We expect the states reached through the time evo-
lution of ��ij� to have the same energy in the large time limit.
The problem we here address however is rather different
from a standard time evolution. In the standard case, we start
with an initial state ��i�, eigenstate of H0, and we look for its
time evolution under a perturbation W which is suddenly
turned on, bringing the system Hamiltonian to H=H0+W.
This perturbation is later on turned off. The energy of the
initial state is then well defined through �H0−Ei���i�=0, as
well as the energy of the final state �� f�, also taken as H0
eigenstate. The system evolves from ��i� to �� f�, under the
Hamiltonian H different from H0. In the large time limit, the
states �� f� possibly reached through the time evolution of ��i�
have the same energy as ��i�, at the scale 1 / t �for 	=1�. This
scale is just the signature of the uncertainty principle which,
for large t, leads to the energy conservation of the Fermi
golden rule,45,46 this conservation being not strict, but at the
1 / t scale only.

The problem we here address is conceptually quite differ-
ent. The system Hamiltonian H, made of a free part H0 and a
Coulomb part between electrons and holes V=Vee+Vhh
+Veh, stays the same all over the time. The initial state made
of two independent excitons, changes with time because it is
not eigenstate of the Hamiltonian. The difficulty is that, for
the same reason as ��ij� is not H eigenstate, its energy is not
properly defined, nor the energy of the final state ��mn�.
While for one exciton �H−Ei�Bi

†�v�=0, for two excitons
HBi

†Bj
†�v� is close but close only to �Ei+Ej�Bi

†Bj
†�v�. The sum

of the two free-exciton energies Ei+Ej =Eij could be seen as
the “unperturbed energy.” The problem, however, is that
there is no “unperturbed Hamiltonian” for which this Eij en-
ergy would be the exact eigenvalue. This “unperturbed
Hamiltonian” must differ from the free part H0 of H since Ei
and Ej already contain electron-hole contributions, as neces-
sary to get the exciton bound state. It must also differ from
H0+Veh because the interaction between two excitons, which
makes �H−Ei−Ej�Bi

†Bj
†�v� different from zero, contains con-

tributions coming from interaction between the electron of
one exciton and the hole of the other exciton, so that Veh
must enter interactions between two excitons. Consequently,
even if we guess that Eij essentially is the initial state unper-
turbed energy, this cannot be as clean as in the standard
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Fermi golden rule. As a result, if an energy conservation
similar to �t�Emn−Eij� has to exist, it must be proved from ab
initio calculations.

�iii� A last problem arises when the two excitons are in the
ground state, these two excitons moreover having the same
center-of-mass momentum—a highly relevant physical con-
figuration. If we accept that ��ii� can only evolve toward
two-exciton states ��mn� having same energy as ��ii�, we are
led to conclude that ��ii� cannot evolve with time because
there is no such state. Indeed, momentum conservation
through Coulomb and exchange processes imposes Qm+Qn
=Qi+Q j =2K. This leads us to set Qi=K+q, Q j =K−q and
Qm=K+q�, Qn=K−q�. If we now impose a strict energy
conservation for process staying in the �0 relative motion
ground state, we must have Qm

2 +Qn
2=Qi

2+Q j
2. This leads to

�q�= �q��. The momenta �Qm ,Qn� of the exciton pair having
same energy and momentum as �Qi ,Q j�, evolve on a sphere
of radius q, its center being at K from the momentum origin,
K being possibly set equal to zero due to referential invari-
ance.

This shows that, for two ground state excitons having
same momentum, i.e., for q=0, the final state exactly having
the same energy corresponds to q�=0: it is identical to the
initial state so that this initial state does not evolve with time.
It is however clear that, since ��ii� is not H eigenstate, it has
to change with time. Evolution toward final states with dif-
ferent energy must exist. The question now is what are the
states, which control the time evolution of two ground-state
excitons when these excitons have the same center-of-mass
momentum?

Actually, this difficulty can be somehow separated from
the ones linked to the exciton composite nature. This is why
we are going to tackle it first by considering “boson-
excitons,” i.e., excitons taken as elementary bosons. We will
show that, since the Fermi golden rule in its standard form
imposes energy conservation at the 1 / t scale only, while the
exciton center-of-mass momenta form a quasicontinuum at
the L−1 scale, we can still have many states within 1 / t from
the initial state energy provided that 1 / t is not too small. This
will lead us to discuss the problem of sample volume possi-
bly replaced by coherence volume as well as the problem of
“large-time limit” with respect to the exciton coherence time.

III. TIME EVOLUTION OF TWO-BOSON-EXCITON
STATE

The effective Hamiltonian of excitons taken as elementary
bosons splits as H=H0+V, where H0 is the free part HX of
this exciton Hamiltonian, while V is the effective potential
VXX between two boson excitons. We consider an initial state
�o� made of two boson excitons, eigenstate of H0. Under VXX,
it becomes �ot�. We first look for the V expansion of �ot�—a
problem we studied some years ago.45

A. Interaction expansion of the 	ot‹ state

To calculate the time evolution of the �o� state, we are
going to use a procedure which can be extended to compos-
ite bosons. The integral representation of the exponential47

allows us to write this time evolution as

�ot� = e−iHt�o� = 

−�

+� dx

�− 2i
�
e−i�x+i�+�t

x + i�+ − H
�o� , �3.1�

where �+ is an arbitrary positive constant, not necessarily
small. Contributions induced by the interaction potential V
follow from the standard key identity for many-body effects
when H=H0+V, namely,

1

a − H
=

1

a − H0
+

1

a − H
V

1

a − H0
. �3.2�

We iterate this equation and, in front of each �a−H0�−1 fac-
tor, we insert the closure relation �n�n��n�=1 constructed
upon the H0 eigenstates, �H0−�n��n�=0. This gives

�ot� = 

−�

+� dx

�− 2i
�
e−i�x+i�+�t

x + i�+ − �o
�ox� , �3.3�

where, up to second order in V,

�ox� = �o� + �
m

�m�� Vmo

x + i�+ − �m

+ �
k

VmkVko

�x + i�+ − �m��x + i�+ − �k�
+ ¯� , �3.4�

with Vmk= �m�V�k�, the states m=o and k=o being included
in the sum. Integration using the residue theorem readily
gives45

�ot� = e−i�ot�o� + �
m

�m�Vmo
�1��t� + Vmo

�2��t� + ¯� , �3.5�

where the first-order term in the interaction reads

Vmo
�1��t� = Vmo

e−i�ot − e−i�mt

�o − �m
, �3.6�

while the second-order term is given by

Vmo
�2��t� = �

k

VmkVko� e−i�ot

��o − �m���o − �k�

+
e−i�kt

��k − �o���k − �m�
+

e−i�mt

��m − �o���m − �k�
� ,

�3.7�

the values for �m=�o or �k=�o being simply the limit of the
corresponding ratios when �m or �k go to �o.

The first-order term in the interaction brings a function
t��� which, for ��0, is defined as

t��� =
ei�t − 1

�
= 2i
ei�t/2�t��� , �3.8�

while, for �=0, it reduces to its �→0 limit, namely, t�0�
= it. This function cancels for t=0 whatever �, while for large
t it differs from zero for � small compared to 1 / t only. In-
deed �t���, equal to �
��−1sin��t /2�, is one of the various
forms of delta function, with width �2 / t�. As a result of the
uncertainty principle, t��� insures energy conservation at
the �1 / t� scale.
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Since ��m−�o�−1��m−�k�−1 also reads ��m−�o�−1− ��m
−�k�−1���o−�k�−1, the second-order term, given by Eq. �3.7�,
brings a function t�� ,��� which can be written in three dif-
ferent ways in terms of t���, namely,

t��,��� =
t�� − ��� − t���

��
, �3.9�

=
t�� − ��� − ei�tt�− ���

�
, �3.10�

=
t��� − ei��−���tt����

� − ��
. �3.11�

As t��� stays finite when � goes to zero, t�� ,��� also stays
finite when � or �� goes to zero, its value when they are both
equal to zero reducing to t�0,0�= t2 / �2!�.

This leads us to rewrite the time evolution of state �o�
given in Eq. �3.5� as45

�ot� = e−i�ot��o� − �
m

�m��Vmot��o − �m�

+ �
k

VmkVkot��o − �m,�k − �m� + ¯�� . �3.12�

It can be of interest to note that, in the large t limit, i.e., for
t��o−�k� small for any k�o, the �o� prefactor in Eq. �3.12�
reduces to

e−i�ot�1 − itVoo +
1

2
�− itVoo�2 − it�

k�o

�Vko�2

�o − �k
+ ¯� .

�3.13�

This expansion casts as exp�−i�̃ot�, where �̃o is the V expan-
sion of the �o� state energy for the Hamiltonian H0+V,
namely,46

�̃o = �o + Voo + �
k�o

�Vko�2

�o − �k
+ ¯ . �3.14�

B. Probability to reach another state

The probability for the �o� state to reach a state �m� dif-
ferent from �o� in its time evolution under the Hamiltonian
H, is equal to ��m �ot��2. The �m� states within the energy
scale 1 / t from the initial state �o� control the time evolution
of �o� in the large t limit since they are those for which
t��m−�o� does not reduce to zero for large t. As t��→0�
� it, the probability to reach one of these states, at the lowest
order in the interaction, is given by

��m�ot��2 � �Vmot��o − �m��2 � 2
t�Vmo�2�t��m − �o� .

�3.15�

The singular delta behavior in fact disappears from the tran-
sition rate per unit time when many states have an energy
within 1 / t from �o so that sum over m must be taken in the
above equation. Equation �3.15� thus leads to the well-
known transition rate to leave the initial state �o�,

1

To
=

1

t
�
m

��m�ot��2 = 2
�
m

�Vmo�2�t��m − �o� , �3.16�

as given by the Fermi golden rule.45–47

By contrast, if all �m� states coupled to �o� by one inter-
action are far away in energy from �o� at the 1 / t scale, i.e., if
all t��m−�o� for m�o are essentially equal to zero when
t→+�, we must turn to the second-order term in Eq. �3.12�
to possibly get a nonzero probability to leave the initial state
�o�. Equations �3.11� and �3.12� then give

��m�ot��2 � ��
k

VmkVko

�k − �o
e−i�ktt��k − �m��2

. �3.17�

Due to the delta function included in t���, the above sum is
de facto restricted to states �k� close in energy to the final
state �m�. Note that, in this case, the denominator ��k−�o� in
Eq. �3.17� is never small at the 1 / t scale because this result
by construction holds when there is no state close in energy
to �o�.

This shows that the time evolution of an initial state �o� is
a priori controlled by transitions toward states �m� which are
coupled to �o� by one interaction and which, in addition, are
close in energy to �o� at the 1 / t scale. If such states do not
exist, transitions to states �m� different from �o� are neverthe-
less possible by using a second interaction. Intermediate
states �k� in this two-interaction process are then required to
have an energy in the 1 / t neighborhood of the final state �m�
of interest. If such �k� states do not exist, a third interaction is
needed, and so on.

Before going further, let us make a few comments.
�i� As physically required, the probability ��m �ot��2 to go

from state �o� to a state �m� different from �o� goes to zero at
all orders in V, when t goes to zero, the function t��� re-
ducing to zero for t=0. As shown below, this contrasts with
composite excitons, due to the overcompleteness of the ex-
citon basis.

�ii� For large t, the probability ��m �ot��2 to reach a state
�m� has a linear dependence in t when this probability is
controlled by linear terms in the interaction. This happens
when states with energy within 1 / t from the initial state �o�
are coupled to it by one V only. Transitions from state �o� can
then be considered as “easy.” This shows up through a tran-
sition rate behavior. By contrast, when states with energy
within 1 / t from the initial state do not exist, the probability
to reach a given final state �m� can nevertheless differ from
zero through second order processes, if this final state lies
within a quasicontinuum at the 1 / t scale. However, the prob-
ability to reach this final state then is not proportional to t
anymore as in the “easy” situation when the initial state lies
in a quasicontinuum, but reaches a finite value.

�iii� When the state characteristics contain a center-of-
mass momentum, their energies de facto form a quasicon-
tinuum since this momentum scales as L−1 where L is the
sample size. The number of states, within a 1 / t energy scale,
possibly entering first order processes then seems to depend
upon whether the large time limit is taken before or after the
large sample limit. Physically, the sample size is large but
given, while t depends on the experimental set up. With in-
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creasing t, we should thus always end with a time evolution
controlled by second-order processes in the interaction. We
must then note that, due to additional inelastic processes, the
size which really controls the quantization of the exciton
center-of-mass momentum is not the sample size but the ex-
citon coherence length Lcoh. The �m� state energy then scales
as �2
 /Lcoh�2 /2MX=1 /�coh. In order to get a time evolution
controlled by second-order processes, we should not have
exciton state lying within 1 / t from the initial state. This im-
poses 1 / t�1 /�coh, i.e., t much larger than �coh. Since experi-
ments on excitons performed at a time scale much larger than
their coherence time are physically meaningless, the relevant
time evolution of exciton states is thus going to be controlled
by first-order processes, even in the case of two ground-state
excitons having same center-of-mass momentum.

C. Lifetime of state 	o‹

In addition to the probability to reach a state �m� different
from the initial state, another quantity of physical interest is
the lifetime of state �o�. It is obtained from the probability
��o �ot��2= �ot �o��o �ot� to stay in �o�. By using the closure
relation for �m� states, the norm �ot �ot� staying constant with
time, we find that this probability also reads

��o�ot��2 = �ot��1 − �
m�o

�m��m���ot� = 1 − �
m�o

��m�ot��2.

�3.18�

By writing it as e−t/�o �1− t /�o, we end, using Eq. �3.15�,
with the standard expression for the state �o� lifetime,
namely,

1

�o
= 2
 �

m�o

�Vmo�2�t��m − �o� . �3.19�

As physically expected, this lifetime is directly related to the
transition rate to leave the �o� state.

The above result is a priori valid for �o� lying in a 1 / t
continuum from �o, this continuum being coupled to �o� by
one interaction scattering only. If not, second-order processes
would be necessary. Equation �3.17� should then be used for
��m �ot��2, and ��o �ot��2 would not cast as �1− t /�0� anymore.
However, as discussed above, experiments done on a t scale
small compared to the coherence time avoid such difficulty.
The question now is to reach conceptually similar conclu-
sions for composite excitons. Since the above results cru-
cially depend on the existence of a potential V through its
matrix elements Vij, a new procedure which does not require
to split the Hamiltonian H as HX+VXX is necessary.

IV. COULOMB SCATTERINGS BETWEEN
TWO-EXCITON STATES

The above discussion evidences that states coupled to the
initial state by one interaction play a key role in the time
evolution of this initial state. A simple extension of this idea
to composite excitons however is far from trivial already, due
to difficulty in properly defining “state coupled to a given
two-exciton state.” This difficulty comes from the exciton

composite nature which makes the N-exciton states, an over-
complete set of N electron-hole pairs when N is larger than 1.
In this section, we consider the various possible states scat-
tered from a two-exciton state and carefully analyze their
physical meaning.

A. “Naïve” scattered state

While �H−Ei�Bi
†�v�=0, so that the one-exciton states

Bi
†�v� are H eigenstates, for two excitons we do have see Eq.

�A5� in the Appendix�

HBi
†Bj

†�v� = �Bi
†H + EiBi

† + Vi
†�Bj

†�v� = EijBi
†Bj

†�v� + Vi
†Bj

†�v� ,

�4.1�

with the indices i and j possibly exchanged in the last term.
This leads us to introduce the “naïve scattered state” �Cij�
defined as

�Cij� = �H − Eij���ij� �4.2�

=Vi
†Bj

†�v� = Vj
†Bi

†�v� . �4.3�

�Cij� can be seen as the state coupled to ��ij� by one Coulomb
process. However, note that, unlike in usual cases, it is not
possible to cancel this scattered state by canceling the inter-
action because Coulomb interaction, through its electron-
hole part, also enters the exciton energy Ei: if we drop the
Coulomb interaction in Vi

†, we also destroy the exciton.
This scattered state can be written in terms of the interac-

tion scatterings of the coboson theory35 �see Appendix� as

�Cij� = �
p,q

��q j

p i
���pq� . �4.4�

It a priori contains contributions from all two-exciton states
including �p ,q�= �i , j�.

By using the scalar product of two-exciton states given in
Eq. �2.5�, the ��mn� part of this scattered state follows from

��mn�Cij� = �̂� n j

m i
� + �i ↔ j� = 2�̂mnij , �4.5�

�̂� n j

m i
� = �� n j

m i
� − �in� n j

m i
� , �4.6�

with �̂mnij defined in terms of �̂� n j
m i � as in Eq. �2.5�.

Equations �4.2� and �4.5� lead us to understand �̂mnij as the
effective scattering for the ��ij� to ��mn� transition. As seen
from Eq. �4.6�, it contains direct as well as exchange pro-
cesses. Note that the carrier-exchange part �in� n j

m i � of this
scattering is not symmetrical since it takes place after Cou-
lomb interaction see Eq. �A7��. The “in” and “out” ex-
change scatterings for carrier exchanges taking place after
and before interaction are equal for energy conserving pro-
cesses only see Eq. �A8��.

Equation �4.5� moreover shows that, since �̂� j j
i i � is not

equal to zero, �Cij� contains a nonzero contribution on ��ij�.
This contribution must be somehow removed when thinking
of “other” two-exciton states coupled to the initial state ��ij�
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by one Coulomb process. Let us now show that this extrac-
tion can a priori be done in various ways.

B. Scattered state “different” from the initial state

Since the indices �p ,q� in the sum of Eq. �4.4� can be
taken equal to �i , j�, a simple idea to get rid of the ��ij� part
in the scattered state �Cij� is to extract the ��ij� term from the
sum. This leads us to remove two terms when �i� j�,

�Ci�j
� � = �H − Eij − �� j j

i i
� − �� i j

j i
����ij�

= �
�p,q���i,j�

��q j

p i
���pq� , �4.7�

while for i= j, we only have to remove �� i i
i i ���ii�. The scalar

product with a two-exciton state ��mn� can however be writ-
ten in the same compact form for �i� j� or �i= j�,

��mn�Cij
�� = 2�mnij

� ,

�mnij
� = �̂mnij − �1 − �i,j/2��ijij��m,i�n,j + �m,j�n,i − 2�mnij� .

�4.8�

This new scattering also splits into direct and exchange con-
tributions according to

�mnij
� = �mnij − �1 − �i,j/2���m,i�n,j + �m,j�n,i��ijij�

− �mnij
in − �2 − �i,j��mnij�ijij� , �4.9�

where �mnij and �mnij are defined in terms of �� n j
m i � and

�� n j
m i � in the same way as for �̂ in Eq. �4.5�. The effective

scattering �mnij
� obtained through this procedure differs from

�̂mnij obtained through ��mn �Cij�. Since we have in mind
transition toward two-exciton states “different” from ��ij�,
the scattered state �Cij

��, with �p ,q�= �i , j� excluded from the
sum, can appear at first as more relevant than �Cij�.

Actually, to exclude �p ,q�= �i , j� from the �Cij� sum is not
yet enough due to the nonorthogonality of N-exciton states.
Indeed, for �m ,n�= �i , j�, the first bracket in Eq. �4.9� can-
cels, but not the second one so that ��ij �Cij

���0: the scat-
tered state �Cij

��, with �p ,q�= �i , j� excluded, still contains
��ij� contributions.

C. Scattered state perpendicular to the initial state

Due to the overcompleteness of the two-exciton-state ba-
sis, there is one way only to get rid of the ��ij� part in the
scattered state �Cij�. This is through the projector over the
subspace perpendicular to ��ij�,

P�
�ij� = I −

��ij���ij�
��ij��ij�

, �4.10�

as easy to check from P�
�ij���ij�=0. In the usual case, i.e., for

H=H0+V and �H0−�n��n�=0, the projector over the sub-
space perpendicular to �o� reduces to P�

�o�=�n�o�n��n�. To get
an explicit form of P�

�ij� in the case of composite boson ex-
citons, we can replace I in Eq. �4.10� by the closure relation

for two-pair states given in Eq. �2.3�. We then see that P�
�ij�

still contains a ��ij���ij� contribution:
�i� For i� j, we can either have �p= i , q= j� or �p= j , q

= i� in the sum of Eq. �2.3� so that, due to Eq. �2.5�, the
��ij���ij� prefactor in P�

�ij� reduces to

� 1

2!
�2

2 −
1

��ij��ij�
=

1

2
−

1

1 − 2�ijij
� −

1

2
, �4.11�

since �ijij is negligible in front of 1 in the large sample limit,
Pauli scatterings between bound state excitons being of the
order of �aX /L�D, where aX is the Bohr radius and L is the
sample size.

�ii� For i= j, we can only have p=q= i so that the prefactor
of ��ii���ii� is equal to

� 1

2!
�2

−
1

2 − 2�iiii
� −

1

4
, �4.12�

which roughly is twice smaller.
This shows that the projector P�

�ij� over the subspace per-
pendicular to ��ij� always has a nonzero ��ij���ij� part. Such
a contribution, which can appear strange at first, is directly
linked to the overcompleteness of exciton states and their
resulting nonorthogonality. The ��ij���ij� part of P�

�ij� is in
fact necessary to remove the various ��ij� parts included in
all other ��pq�’s. This shows that a full-proof elimination of a
given ��ij� state from an expansion is nontrivial at all. There
is one way only to do it: the projection over the subspace
perpendicular to ��ij� through P�

�ij� defined in Eq. �4.10�.
This understanding leads us to introduce the scattered

state in the subspace perpendicular to the initial state. Due to
Eqs. �4.2�, �4.4�, and �4.10�, it reads

�Cij
�� = P�

�ij��Cij� = �H − �H�ij���ij� , �4.13�

where �H�ij = ��ij�H��ij� / ��ij ��ij� is the Hamiltonian mean
value in the initial state. �H�ij can be seen as the energy of
the ��ij� state at first order in the interaction. It precisely
reads

�H�ij = Eij −
2�̂ijij

1 + �i,j − 2�ijij
. �4.14�

This �Cij
�� state, which, due to Eq. �4.4�, also reads

�Cij
�� = P�

�ij��
p,q

��q j

p i
���pq� , �4.15�

is the state in the subspace perpendicular to ��ij�, which can
be reached by one Coulomb process from ��ij�. This state has
no component on ��ij� by construction. Due to Eqs. �4.5� and
�4.10�, its components on other two-exciton states are given
by

��mn�Cij
�� = ��mn�P�

�ij��Cij� = 2�mnij
� , �4.16�

�mnij
� = �̂mnij −

��mn��ij�
��ij��ij�

�̂ijij . �4.17�

The second term in �mnij
� allows the exact cancellation for

�m ,n�= �i , j�, as required; it is then as large as the first term.
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By contrast, for �m ,n� different from �i , j�, the ratio is essen-
tially of the order of the Pauli scattering �mnij so that this

second term, in �aX /L�D, is negligible in front of �̂mnij.
To conclude this section, we have identified three quanti-

ties that we can associate to the scattering of excitons �i , j�
into states �m ,n�, namely, ��mn �Cij�, ��mn �Cij

��, and
��mn �Cij

��. The second one is definitely irrelevant because,
although �p ,q�= �i , j� terms are removed from the sum, ��ij�
contributions still are in the scattered state. We are thus left

with two effective Coulomb couplings, �̂mnij and �mnij
� . The

first one corresponds to coupling toward the full scattered
state �Cij�, while �mnij

� corresponds to coupling toward the
part of this scattered state restricted to the orthogonal sub-
space.

The question now is what is the appropriate scattering for
the time evolution of a two-exciton state? We are going to
show that the answer is somewhat more elaborate than just
choosing between these two relevant scatterings.

V. TIME EVOLUTION OF TWO-EXCITON STATE

Following the procedure used for elementary bosons, the
time evolution of the two-exciton state ��ij�=Bi

†Bj
†�v� is

given by

��ij�t�� = e−iHt��ij� =
 dx

�− 2i
�
e−i�x+i�+�t

x + i�+ − H
Bi

†Bj
†�v� .

�5.1�

A. Coulomb expansion of the state 	�ij(t)‹

While Eq. �3.2� cannot be used to expand ��ij�t�� in the
interaction since the electron-hole Hamiltonian H does not
cast as HX+VXX, we can instead use its equivalent for com-
posite bosons given by Eq. �A9�. Equation �3.3� then trans-
forms into

��ij�t�� =
 dx

�− 2i
�
e−i�x+i�+�t�Bi

† +
1

x + i�+ − H
Vi

†�
�

1

x + i�+ − H − Ei
Bj

†�v� . �5.2�

As the last H can be replaced by Ej, integration using the
residue theorem readily gives

��ij�t�� = e−iEijt��ij� + � e−iEijt

Eij − H
+

e−iHt

H − Eij
�Vi

†Bj
†�v� .

�5.3�

This time evolution casts as

��ij�t�� = e−iEijt��ij� − t�Eij − H�Vi
†Bj

†�v�� , �5.4�

where t�Eij −H� formally is the function t��� introduced in
Eq. �3.8�, with � replaced by the operator Eij −H.

The second term of ��ij�t�� is first order at least in Cou-
lomb process. Indeed Eqs. �A5� and �A6� give

Vi
†Bj

†�v� = �
mn

�� n j

m i
���mn� . �5.5�

Note that this second term also has higher order contribu-
tions hidden in H. To get them, we again use Eq. �A9�. This
gives

t�a − H���mn� =
ei�a−H�t − 1

a − H
��mn�

= �ei�a−H�t − 1��Bm
† +

1

a − H
Vm

† �
�

1

a − H − Em
Bn

†�v� . �5.6�

The last H can be replaced by En, so that the term with Vm
†

simply reads �a−Emn�−1t�a−H�Vm
† Bn

†�v�. By using Eq. �5.4�
for e−iHt��mn� in the term with Bm

† , we get

t�a − H���mn� = t�a − Emn���mn�

+
t�a − H� − ei�a−Emn�tt�Emn − H�

a − Emn

� Vm
† Bn

†�v� . �5.7�

Using Eq. �3.10�, we can rewrite it in a more compact form
as

t�a − H���mn� = t�a − Emn���mn�

+ t�a − Emn,H − Emn�Vm
† Bn

†�v� .

�5.8�

If we now insert Eqs. �5.5� and �5.7� into Eq. �5.4�, the
time evolution of ��ij� splits as

��ij�t�� = e−iEijt���ij� + ��ij� � + ��ij� �� . �5.9�

The first-order term in Coulomb scattering reduces to

��ij� � = − �
m,n

�� n j

m i
�t�Eij − Emn���mn� , �5.10�

while all higher order terms read as

��ij� � = − �
m,n,p,q

�� n q

m p
���q j

p i
�

�
t�Eij − H� − ei�Eij−Epq�tt�Epq − H�

Eij − Epq
��mn� .

�5.11�

The Coulomb scattering expansion of ��ij�t�� follows
from the iteration of the above equation using Eq. �5.8�. The
�2 term is simply obtained by replacing H by Emn in Eq.
�5.11�, while, to get the �3 term, we also have to keep the
second term of Eq. �5.8�, and so on. By using Eq. �3.11�, we
find that the two first terms of the � expansion of ��ij�t�� end
by reading as
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eiEijt��ij�t�� = ��ij� − �
m,n

��mn���� n j

m i
�t�Eij − Emn�

+ �
p,q

�� n q

m p
���q j

p i
�

�t�Eij − Emn,Epq − Emn� + ¯� . �5.12�

We see that the structure of the ��ij�t�� expansion in the
interaction is very similar to the one found for �ot� in Sec. III
see Eq. �3.12��, the direct Coulomb scattering � playing the
role of the potential matrix element. Note that, at this stage,
exchange processes do not appear yet.

B. Probability to reach another state

We now look for the ��mn� component of ��ij�t��. To get it
in a compact form, it is actually simpler not to use the above
expression of ��ij�t�� but to come back to Eq. �5.4� and make
t�Eij −H� act on the left, through Eq. �5.8�. This leads to

eiEijt��mn��ij�t�� = ��mn��ij� + Vmnij�t� , �5.13�

where the interaction part is given by

Vmnij�t� = − t�Eij − Emn���mn�Vi
†Bj

†�v�

− �v�BnVmt�Eij − Emn,H − Emn�Vi
†Bj

†�v� .

�5.14�

Vmnij�t� cancels for t=0 since all the t’s cancel. However,
since the first term of Eq. �5.13� does not cancel for �m ,n�
� �i , j� due to carrier exchanges see Eq. �2.5��, the scalar
product ��mn ��ij�t�� differs from zero for t=0 so that this
quantity cannot be used to get the probability to reach a state
��mn� “different” from ��ij� during the time evolution of this
initial state.

As explained in the preceding section, the probability to
reach a state different from ��ij� must be associated to the
��mn� component of the ��ij�t�� state in the subspace perpen-
dicular to ��ij�. Using Eqs. �5.4�, �4.10�, and �5.8�, we then
find

eiEijt��mn�P���ij�t�� = Vmnij�t� −
��mn��ij�
��ij��ij�

Vijij�t� .

�5.15�

The effect of P� in this matrix element is twofold: it of
course removes the first term of Eq. �5.13�; it also adds a
term to Vmnij�t�, as necessary for ��mn�P���ij�t�� to exactly
cancel when �m ,n�= �i , j�.

Let us concentrate on the first-order term in Coulomb
scattering of Eq. �5.15� right-hand side, as obtained by only
keeping the first term of Eq. �5.14�. For �m ,n�� �i , j�, the
scalar product ��mn ��ij� reduces to �−2�mnij� so that this

first-order term reads −2�̂mnijt�Eij −Emn�−4it�mnij�̂ijij / �1
+�i,j −2�ijij��. The second term contains �mnij which goes to
zero with sample size as �aX /L�D but it contains a t prefactor
which goes to infinity in the large time limit so that to pos-
sibly drop this second term seems to depend on the way the

t→� and L→� limits are taken. If we now turn to the first
term, we note that the �Emn−Eij� energy difference scales as
�2
 /L�2 /2MX, where the sample size L must be physically
replaced by the exciton coherence length Lcoh. This energy
difference thus scales as 1 /�coh, where �coh is the coherence
time. For t smaller than this coherence time, as experimen-
tally required, there are many �m ,n� states for which the
energy difference �Emn−Eij� is essentially zero at the 1 / t
scale; consequently, t�Eij −Emn� is of the order of it not only
for �m ,n� exactly equal to �i , j� but also for a large amount of
other �m ,n� states. For these states, the second term of Eq.
�5.15� is then negligible because it is essentially �aX /L�D

smaller than the first one due to the additional �mnij Pauli
scattering. This shows that we end with

���mn�P���ij�t���2 � �2�̂mnijt�Eij − Emn��2 �5.16�

The above expression is similar to the one we have ob-
tained for boson excitons in Eq. �3.15�, provided that we take

as effective scattering, the quantity 2�̂mnij defined in Eqs.
�4.5� and �4.6�, namely, ��mn �Cij�= ��mn�Vi

†Bj
†�v�. This effec-

tive scattering contains direct and exchange contributions
due to the exciton composite nature. Let us once more stress
that the exchange part of this scattering is not symmetrical
with respect to carrier exchange and interaction. Indeed,

�̂� n j
m i ��

� differs from �̂� j n
i m � as �in� n j

m i ��
�=�out� j n

i m �. Conse-
quently, this effective scattering can by no way be used in an
effective exciton-exciton potential because it would produce
a spurious non-Hermiticity in the resulting effective Hamil-
tonian.

This first-order term in Coulomb scattering is of physical
relevance for ��mn� state having an energy at 1 / t from the
��ij� energy. If this were not so, we would a priori have to
turn to the second term of Vmnij�t� in Eq. �5.14�. To get it, we
first replace �v�BnVm by �p,q��pq��� n q

m p �, using Eq. �5.5�, and
then make t�Eij −Emn ,H−Emn� act on the left so that, to
lowest order in �, the corresponding H can be replaced by

Epq. Since ��pq �Vi
†Bj

†� is just 2�̂pqij, due to Eq. �4.5�, we then
end with

eiEijt��mn�P���ij�t�� � − �
p,q

2�� n q

m p
��̂pqij

�t�Eij − Emn,Epq − Emn� .

�5.17�

As, by construction, we now deal with ��mn� state such
that �Eij −Emn� is large at the 1 / t scale, we find, using Eq.
�3.11�, that ��mn�P���ij�t�� reduces to

���mn�P���ij�t���2

� ��
p,q

2

�� n q

m p
��̂pqij

Epq − Eij
e−iEpqtt�Epq − Emn��

2

.

�5.18�

We see that this second-order term again has the same struc-
ture as the one for elementary bosons see Eq. �3.17��. How-
ever, the Coulomb scatterings which enter this second order
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term are far more elaborate: they are not just the product of
the two effective scatterings appearing at first order, one of
the two scatterings is dressed by carrier exchanges, not the
other. A way to physically accept this result is to note that
two exchanges reduce to an identity so that it can appear as
natural to have carrier exchange appearing once only in a set
of interaction processes.

C. Lifetime of state 	�ij‹

We now consider the lifetime of the ��ij� state. It is related
to the probability to stay in ��ij�. By using the definition of
P� given in Eq. �4.10�, we can rewrite this probability as

���ij��ij�t���2 = ��ij�eiHt��ij���ij�e−iHt��ij�

= ��ij��ij���ij�eiHt�1 − P��e−iHt��ij� ,

�5.19�

so that the probability to stay in the initial state ��ij� also
reads

���ij��ij�t���2

���ij��ij��2
= 1 −

��ij�eiHtP�e−iHt��ij�
��ij��ij�

, �5.20�

the second term canceling for t=0, as required.
The simplest way to calculate this second term is to note

that P�= P�
2 and to insert the closure relation for two-exciton

states given in Eq. �2.3� between the two P�’s. This gives

��ij�eiHtP�
2 e−iHt��ij� =

1

�2!�2�
m,n

���mn�P���ij�t���2.

�5.21�

It is of importance to see that the �1 /2!�2 prefactor in place
of � 1

2! � in the closure relation of composite bosons brings an
extra factor 1

2 in the usual link between lifetime and sum of
probabilities to reach two-exciton states different from the
initial state.42,43,53

The above equation shows that, as for elementary bosons,
a lifetime behavior for the probability to stay in the initial
state ��ij�, i.e., a linear t dependence in Eq. �5.21�, imposes a
time evolution controlled by first-order processes in the in-
teraction. This requires to have a set of states within 1 / t in
energy from the initial state. As in the case of elementary
bosons, this always is so for experiments done on a time
scale small compared to the exciton coherence time, which
are the ones of physical relevance.

VI. LINK WITH OUR PREVIOUS WORKS

Let us end by making the link with our previous works on
the time evolution of exciton states.42,43 In these previous
works, we wrote the time evolution of ��ij� as

e−iHt��ij� = e−i�H�ijt���ij� + ��̃ij�t��� . �6.1�

Equation �4.14� shows that �H�ij reduces to Eij at lowest
order in Coulomb scattering. It however is convenient to also
keep the Coulomb part of �H�ij because the state change
��̃ij�t�� can then be written as

��̃ij�t�� = ei��H�ij−H�t − 1���ij� =
ei��H�ij−H�t − 1

�H�ij − H
�H�ij − H���ij� .

�6.2�

By noting that �H�ij −H���ij� also reads P�H��ij�, we ended
with a state change given by

��̃ij�t�� = − t��H�ij − H�P�H��ij� , �6.3�

where the function t is the one defined in Eq. �3.8�. This
brings energy conservation readily into the time evolution.
Since�P�H�ij� is first-order in Coulomb scattering already,
the ��̃ij�t�� first-order term in Coulomb interaction is then
obtained by replacing �H�ij by Eij and H by Emn when cal-
culating ��mn � �̃ij�t��. The obtained result however holds for
Emn lying within 1 / t from Eij only.

Actually, in these previous works,42,43 we did not question
the existence of such states, even if in the very end, the
initial state �0,0� was taken as two ground state excitons with
same center-of-mass momentum. In particular, we did not
discuss the proper way to take the large time limit in finite
size sample nor the key role played by the coherence length
in the physical evolution of exciton states.

We also wish to note that the introduction of a phase shift
�H�ij, as done in Eq. �6.1�, is quite convenient when the time
evolution is ruled by first-order Coulomb processes between
excitons because it readily brings energy conservation. By
contrast, the extraction of e−i�H�ijt is not of particular interest
when second-order terms in Coulomb scattering are needed
because, to get these Coulomb second-order terms, we must
rewrite t��H�ij −H� in terms of e−iHt and then use an equa-
tion similar to Eq. �5.4�. This is why, to derive these second-
order terms, we have had to work out a completely different
procedure, which does not start with Eq. �6.1�.

The main result of our previous works on the time evolu-
tion of exciton states actually was to point out for the first
time, through a rather simple procedure, that, for time evo-
lution controlled by first-order Coulomb processes, the link
between lifetime and scattering rates is not the same for el-
ementary and composite excitons. This difference was later
shown53 to come from difference in closure relations be-
tween elementary and composite particles—as also evi-
denced here through Eq. �5.21�.

VII. CONCLUSION

In this work, we reconsider the time evolution of two-
exciton states. We show that two regimes have a priori to be
distinguished.

�i� If the initial state is unambiguously coupled by first-
order Coulomb processes to states having the same energy,
as in the case of two ground-state excitons having different
center-of-mass momenta, the time evolution is controlled by
these states. Using a new formalism, easy to extend to higher
order Coulomb processes, we have rederived the lifetime of
such two-exciton state as well as the transition rate toward
states belonging to this quasicontinuum. This leads us to
identify the effective Coulomb scattering appropriate to time
evolution. It contains a mixture of direct and exchange Cou-
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lomb processes. This mixture however is of no use in the
construction of an effective potential for exciton-exciton in-
teraction because it would bring a spurious non-Hermiticity
in the resulting exciton effective Hamiltonian.

�ii� If there are no states with same energy as the initial
state and coupled to it by first-order Coulomb process,
second-order Coulomb processes are a priori required. We
show that the mixture of direct and exchange Coulomb pro-
cesses appearing in this second-order term is far more elabo-
rate than the one appearing at first order. We also show that,
within this second order regime, the exciton time evolution
does not have the usual lifetime behavior.

However, in order to experience this second-order unusual
regime, the time t of the experiment must be large compared
to the exciton coherence time. Indeed, on the one hand, en-
ergy conservation resulting from time evolution at first order
in the interaction, scales as 1 / t due to the uncertainty prin-
ciple for experiments performed over t. On the other hand,
the scale for the quantification of the exciton center-of-mass
momentum is more likely to be the exciton coherence length
than the sample size, so that the exciton energy scale is more
likely to be the inverse coherence time. Since experiments
performed over t larger than the coherence time are physi-
cally meaningless, the time evolution in relevant experimen-
tal conditions must end by being controlled by first-order
Coulomb processes only, even when the two ground state
excitons have the same center-of-mass momentum, a con-
figuration in which all the other two-exciton states formally
have a higher energy.

APPENDIX: KEYS FROM COBOSON MANY-BODY
THEORY

The many-body theory for composite bosons �“co-
bosons”� made of two fermions that we have constructed,35

is based on four commutators. Two commutators control fer-
mion exchanges in the absence of fermion interaction. They
read

Bm,Bi
†� = �m,i − Dmi, �A1�

Dmi,Bj
†� = �

n
��� n j

m i
� + �i ↔ j��Bn

†�v� , �A2�

with Bi
† being the creation operator of one coboson in state i.

From them, we can show that the scalar product of two-
coboson states reads in terms of Pauli scattering �� n j

m i � as

�v�BnBmBi
†Bj

†�v� = �v�Bn�Bi
†Bm + �m,i − Dmi�Bj

†�v�

= �m,i�n,j − �� n j

m i
� + �i ↔ j� , �A3�

the �i↔ j� exchange being possibly replaced by �m↔n�,
since �� n j

m i �=�� m i
n j �.

These Pauli scatterings also appear in

Bi
†Bj

† = − �
m,n

�� n j

m i
�Bm

† Bn
†, �A4�

which results from the two ways to construct two cobosons
out of two fermion pairs. Equation �A4� is one of the signa-
tures of the overcompleteness of the coboson basis induced
by their composite nature.

Two other commutators control fermion interactions in
the absence of fermion exchanges. For coboson i being
eigenstate of the system Hamiltonian, �H−Ei�Bi

†�v�=0, they
read

H,Bi
†� = EiBi

† + Vi
†, �A5�

Vi
†,Bj

†� = �
m,n

�� n j

m i
�Bm

† Bn
†. �A6�

By calculating the H matrix element in the two-coboson
subspace, we generate “in” and “out” exchange interaction
scatterings defined as

�in� n j

m i
� = �

p,q
�� n q

m p
���q j

p i
� = ��out� j n

i m
���

.

�A7�

They are linked to Pauli scattering through

�in� n j

m i
� − �out� n j

m i
� = �Em + En − Ei − Ej��� n j

m i
� .

�A8�

This shows that these two exchange interaction scatterings
are equal for energy-conserving processes.

A last equation of interest for correlations between co-
bosons is

1

a − H
Bi

† = Bi
† 1

a − H − Ei
+

1

a − H
Vi

† 1

a − H − Ei
, �A9�

which follows from Eq. �A5�. This equation allows us to
make interaction expansion when the Hamiltonian does not
split as H0+V, as in the case of composite quantum particles.
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